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1986 [3] $h$ AND-$OR$ randomized com-
plexity $\Theta((\frac{1+\sqrt{33}}{4})^{h})$





















21 AND-$OR$ (perfect binary AND-$OR$ tree)
$\wedge$
1 $OR$-AND (perfect binary $OR$-AND tree)
$\vee$
(root), (leaf)
1 $A$ $D$-$OR$ 1 $0$ -$A$
1 AND-$OR$ $OR$-AND $T_{2}^{1,\wedge},$ $T_{2}^{1,\vee}$
$h\geq 2$ T2h-1, $T_{2}^{h,\wedge}$ :
$\bullet$ $\wedge$ T2h-1, $T_{2}^{1,\vee}$
$\bullet$ $\vee$ T2h-1, T21,
$h$ AND-$OR$ T2h,
$h\geq 2$ T2h-1, $T_{2}^{h,\vee}$
:
$\bullet$ $\wedge$ $T_{2}^{h-1,\vee}$ $T_{2}^{1,\vee}$
$\bullet$ $\vee$ $T_{2}^{h-1,\vee}$ T21,
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$h$ $OR$-AND $T_{2}^{h,\vee}$
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$\mathcal{D}(X)$ $:=\{d:Xarrow[O, 1]$ : $\sum_{x\in X}d(x)=1\}$
$\Omega\subset \mathcal{W},$ $\mathcal{A}\subset \mathcal{A}_{D}$
$A\in \mathcal{A},$ $d\in \mathcal{D}(\Omega)$
$C(A, d):= \sum_{\omega\in\Omega}d(\omega)C(A, \omega)$
$\omega\in\Omega,$ $A_{R}\in \mathcal{D}(\mathcal{A})$













$tp_{u}(l);=\{\begin{array}{ll}u(1-i)w l=uiw(i\in\{0,1\}, w ) l \end{array}$








2.2. $tp_{u}(\omega)$ $\omega$ $u$ 2
:
$\omega$
$*{}_{u}T\omega)$ $\omega$ (l $\mathbb{Q}$)$\omega$(ll) $\omega$ { $\theta$)w $($# $\ddagger$ $\}$ $(\theta 1)\omega(\theta 0)\omega(10\}\omega(_{\mathfrak{l}}|2)$
2.3. [4]
$\bullet$ $A\in \mathcal{A}_{D},$ $\omega\in \mathcal{W}$
$\omega$ $A$
$\langle A,$ $\omega\rangle$ (query history) qh $(A, \omega)$
qh $(A,\omega)=\langle l_{1},$ $\cdots,$ $l_{k}\rangle$ ah $(A, \omega)$ $:=\langle\omega(l_{1}),$ $\cdots,\omega(l_{k})\rangle$
(answer history)
$\bullet$ $u$ $A\in \mathcal{A}_{D}$ $B\in \mathcal{A}_{D}$ $A$ $u$- (u-
transposition) :
$\omega\in \mathcal{W}$ $qh(A, tp_{u}(\omega))=\langle v_{1},$
$\ldots,$
$v_{k}\rangle$
$qh(B, \omega)=\langle tp_{u}(v_{1}), \ldots, tp_{u}(v_{k})\rangle$
$B$ $tp_{u}(A)$
2.4. $\omega\in \mathcal{W},$ $A\in \mathcal{A}_{D}$ $u$ :
$\bullet ah(tp_{u}(A),\omega)=ah(A, tp_{u}(\omega))$ .
$\bullet C(tp_{u}(A), \omega)=C(A, tp_{u}(\omega))$ .



















2.6. [2] $i\in\{0,1\},$ $\Omega\subset \mathcal{W}$
$\Omega$ i- ( $i$-set) $\Omega$ $i$
:
$\Omega$ $\wedge$- $0$ 1, 1 $0,1$ 1
$\vee$- $0$ 1, 1 $0,0$ $0$
i- i-set
2.7. i- (reverse assigning technique
:RAT, [2] $)$ :
(1) $i$
(2) 1 $\wedge$- 1 1
$0$ $\vee$- $0$ $0$
$0$ $\wedge$- $0$ 1
$-$ 1 $\vee$- 1 $0$
(3) i- (1) (2)
2.8 $\bullet$ i-
$\bullet$ $\omega\in \mathcal{W}$
$\langle\omega\rangle:=\{tp_{u_{k}}o\cdots otp_{u_{1}}(\omega)$ : $k$ $\}$





















$P(T, \Omega, \mathcal{A}) :=\max\min_{d\in \mathcal{D}(\Omega)A\in A}C(A, d)$
$\Omega,$ $\mathcal{A}$ $T$ distributional complexity
$\bullet$
$R(T, \Omega, \mathcal{A});=$ min m ( $C(A_{R\omega})$
$A_{R}\in \mathcal{D}(A)\omega\in\Omega$
$\Omega,$ $\mathcal{A}$ $T$ randomized complexity
distributional complexity randomized complexity :
3.2 (Yao 1977, [5]).
$P(T, \Omega, \mathcal{A})=R(T, \Omega, \mathcal{A})$ .




3.3. [2] $d_{e}$ $\mathcal{A}$ $\Omega$ (eigen distribution)
$P(T, \Omega, \mathcal{A})=\min_{A\in \mathcal{A}}C(A, d_{e})$ ,
$d \mathcal{D}(\Omega)\max_{\in}\min_{A\in \mathcal{A}}C(A, d)=\min_{A\in A}C(A,d_{e})$ .
3.4. $[2|d$ $\mathcal{A}$ $E^{1}$- ( $E^{1}$ -distribution)
$\bullet$ $d$ l-set
$\bullet$ $c$ $A\in \mathcal{A}$ $C(A, d)=c$
AND-$OR$
3.5 (Liu- 2007, [2]). :
(1) $d$ $\mathcal{A}_{D}$ $\mathcal{W}$
(2) $d$ $\mathcal{A}_{D}$ $E^{1}$ -
[4] 3.5 :
3.6 ( - 2012, [4]). $\mathcal{A}$ :
(1) $d$ $\mathcal{A}$ $\mathcal{W}$
(2) $d$ $\mathcal{A}$ $E^{1}$ -
3.6
3.7 ( - 2012, [4]). $\Omega$ $\mathcal{A}$ $c$
$d\in \mathcal{D}(\Omega)$
$\sum_{A\in \mathcal{A}}C(A, d)=c$




(2) $\Omega$ $\mathcal{A}$ $\Omega$
$d\in \mathcal{D}(\Omega)$ :
$(a)d$ $\Omega$ $\mathcal{A}$
$(b)$ $c$ $A\in \mathcal{A}$ $C(A, d)=c$
$(c)$ $B\in \mathcal{A}$
$\min_{A\in \mathcal{A}}C(A, d)=C(B, d_{u})$
$(d) \min_{A\in A}C(A, d)=\frac{1}{|\mathcal{A}|}\sum_{A\in \mathcal{A}}C(A, d)$ .
1-set 3.8
3.9 (1) $\mathcal{A}$ 1-set $\mathcal{A}$ $E^{1}$ -
(2) $\mathcal{A}$ :
$(a)d$ 1-set $\mathcal{A}$
$(b)d$ $\mathcal{A}$ $E^{1}$ -
3.10 ( - 2012, [4]). $\mathcal{A}$ :
(1) $d$ $\mathcal{W}$ $\mathcal{A}$
(2) $d$ 1-set $\mathcal{A}$
max min $C(A, d)=$ max min $C(A, d)$








$\max_{\omega\in\Omega}C(A_{R},\omega)=$ min max $C(A_{R}’, \omega)$ $(*)$
$A_{R}’\in \mathcal{D}(A)\omega\in\Omega$
$A_{R}$






4.2. $\mathcal{A}$ $\Omega$ $c$
$A_{R}\in \mathcal{D}(\mathcal{A})$
$\sum_{\omega\in\Omega}C(A_{R}, \omega)=c$
$T_{2}^{\wedge,h}$ $A\in \mathcal{A},$ $\omega\in\Omega$ , $u$









$\sum_{\omega\in\Omega}C(A_{R}, \omega)=\sum_{\omega\in\Omega}\sum_{A\in \mathcal{A}}A_{R}(A)C(A, \omega)$





$arrow,$ $arrow$ $\mathcal{A}_{D}=\{arrow, arrow\}$ $A_{R}^{u}$
$C(A_{R}^{u}, 00)=A_{R}^{u}( arrow)C(arrow, 00)+A_{R}^{u}(arrow)C(arrow, 00)=\frac{1}{2}(1+1)=1,$
$C(A_{R}^{u}, 01)=A_{R}^{u}( arrow)C(arrow, 01)+A_{R}^{u}(arrow)C(arrow, 01)=\frac{1}{2}(1+2)=\frac{3}{2}$
$C(A_{R}^{u}, 00)\neq C(A_{R}^{u}, 01)$
4.4 (1) $\mathcal{A}$ $\Omega$ $A_{R}^{u}$ $\mathcal{A}$ $c$
$\omega\in\Omega$ $C(A_{R}^{u}, \omega)=c$
(2) $\mathcal{A},$ $\Omega$ $A_{R}$ $\mathcal{A}$
$(a)A_{R}$ $\Omega$
$(b)$ $c$ $\omega\in\Omega$ $C(A_{R}, \omega)=c$
$(c)$ $\alpha\in\Omega$
$\max_{\omega\in\Omega}C(A_{R}, \omega)=C(A_{R}^{u}, \alpha)$
$(d) \max_{\omega\in\Omega}C(A_{R}, \omega)=\frac{1}{|\Omega|}\sum_{\omega\in\Omega}C(A_{R}, \omega)$
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(1) $tp_{u}(\omega)\in\Omega$ $\omega\in\Omega$
$C(A_{R}^{u}, tp_{u}(\omega))=\frac{1}{|\Omega|}\sum_{A\in \mathcal{A}}C(A, tp_{u}(\omega))$
$= \frac{1}{|\Omega|}\sum_{A\in A}C(tp_{u}(A), \omega)$
$= \frac{1}{|\Omega|}\sum_{A\in A}C(A, \omega)$ ( $\mathcal{A}$ )
$=C(A_{R}^{u}, \omega)$
$\Omega$ $\omega\in\Omega$
$C(A_{R}^{u}, \omega)=c$ $(\omega$nstant) .
(2) $(b)\Leftrightarrow(d),$ $(c)\Leftrightarrow(d)$ 4.2, 4.4(1)
$(d)\Rightarrow(a)$ $(d)$ $A_{R}’\in \mathcal{D}(\mathcal{A})$
$m\omega$
$C(A_{R}, \omega)=\frac{1}{|\Omega|}\sum_{\omega\in\Omega}C(A_{R}, \omega)$




$\max_{\omega\in\Omega}C(A_{R}, \omega)=\min_{A_{R}’\in \mathcal{D}(A)}\max_{\omega\in\Omega}C(A_{R}’, \omega)$
$\leq\max_{\omega\in\Omega}C(A_{R}^{u},\omega)$
$= \frac{1}{|\Omega|}\sum_{\omega\in\Omega}C(A_{R}^{u}, \omega)$ ((1) )




4.5. $A_{R}$ $\mathcal{A}$ $E^{1}$ - ( $E^{1}$-randomized algorithm)
$\bullet$ $A_{R}$ $\mathcal{A}$
$\bullet$ $c$ $\omega\in 1$-set $C(A_{R}, \omega)=c$
$E^{1}$ - $E^{1}$ -
$E^{1}$ - 4.4
4.6. (1) $\mathcal{A}$ $\mathcal{A}$ $E^{1}$ -
(2) $\mathcal{A}$ :
$(a)A_{R}$ $\mathcal{A}$ 1-set
$(b)A_{R}$ $\mathcal{A}$ $E^{1}$ -
3.6
$E^{1}$












$C(A_{R}, \omega)\leq\max_{\omega\in \mathcal{W}}C(A_{R}, \omega)$
$= \min_{A_{R}’\in \mathcal{D}(A)}\max_{\omega\in \mathcal{W}}C(A_{R}’,\omega)$
$= \max_{\in d\mathcal{D}(\mathcal{W})}\min_{A\in \mathcal{A}}C(A, d)$ ( 3.2 )
$=_{d\in \mathcal{D}} \max_{(1-set)}\min_{A\in A}C(A, d)$ ( 3.10 )
$=$
$\min_{A_{R}\in \mathcal{D}(\mathcal{A})}\max_{\omega\in 1}$




4.8. $h\geq 2$ AND-$OR$
$\mathcal{A}_{dir,L}^{h}$ $\mathcal{A}_{dir,L}^{h}$ 4.7
4. $1O$
4.9 ( - 2012, [4]). $\mathcal{A}$ :
$P(T, \mathcal{W}, \mathcal{A}_{D})=P(T, \mathcal{W}, \mathcal{A})$ .
max min $C(A, d)=$ max min $C(A, d)$ .
$d\in \mathcal{D}(\mathcal{W})A\in A_{D} d\in \mathcal{D}(\mathcal{W})A\in \mathcal{A}$
4.10. $\mathcal{A}$ $\mathcal{A}$ $\mathcal{A}_{D}$
$A_{R}^{u}$
$\mathcal{A}$
$\min_{A_{R}\in \mathcal{D}(A_{D})}\max_{\omega\in \mathcal{W}}C(A_{R},\omega)=\max_{\omega\in \mathcal{W}}C(A_{R}^{u}, \omega)$
4.9 3.2







$\mathcal{W}=\Omega_{1}\cup\cdots\cup\Omega_{n},$ $\Omega_{i}\cap\Omega_{j}=\emptyset(i\neq j)$ , $\Omega_{i}$
4.4 $A_{R}\in \mathcal{D}(\mathcal{A})$






$\mathcal{A}_{dir}$ 4.10 $\mathcal{A}_{dir}$ $\mathcal{A}_{D}$
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